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Abstract 

We prove some Hardy type inequalities related to quasilinear second order de- 
generate elliptic differential operators LpU := — V^d VluI''"^ ^lu). If is a positive 
weight such that —Lpcf) > 0, then the Hardy type inequality 

holds. We find an explicit value of the constant involved, which, in most cases, results 
optimal. As particular case we derive Hardy inequalities for subelliptic operators on 
Carnot Groups. 
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1 Introduction 

An A^-dimensional generalization of the classical Hardy inequality is the following 

cf \ufw-Pdx< I \yu\^dx, MG'4(fi), (1.1) 
Jn Jn 

where p > 1, f2 C and the weight w is, for instance, w := |x| or w{x) := dist{x,dVl) 
(see for instance [3^1122 and the references therein). 

A lot of efforts have been made to give explicit values of the constant c, and even 
more, to find its best value Cn,p (see e.g. [HlliniEHlEaiSlllinillllllS]). 

*Address for correspondence, e-mail: danibros@dni.uniba.it 
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The preeminent rule of the Hardy inequahty in the study of hnear and nonhnear partial 
differential equations is well-known. For instance, let us consider the linear initial value 
problem 

ut- Au = Xj^, xeW, n>3, t e]0,T[, A G M, 
u{x, 0) = uoix), X G M", Mo e L2(M"), uq > 0. 

The problem ()1.2|1 has a solution if and only if A < (^^)^ = Cn,2 (see |2] for more 
details). In the last years this result has been extended in several directions see e.g. 

pmiiHiEaiiainiini- 

In the Heisenberg group setting, Garofalo and Lanconelli in Niu, Zhang and 
Wang in and the author in proved, among other results, the following Hardy type 
inequality related to the sub-Laplacian Ah on the Heisenberg group H"': 

2 

cf \^]jdi<l \WHu\'di, «e<4(e"\{0}) (1.3) 

where denotes the vector field associated to the real part of the Kohn Laplacian 
[Ah = V H ■ Vh), p and ipu are respectively a suitable distance from the origin and a 
weight function such that < ipH < 1- 

Recently, in it has been pointed out that the analogue problem of p.2|) involving 
the sub-Laplacian A^-, namely 

ut - Ahu = Xtjjjj^ onM2"+^x]0,T[, A G M, 
m(.,0) = Mo(-) ' onR2"+\ Mo G L2(r2"+1), uo>0, 

has a positive solution if and only if A < Cb^n, where Cb^n is the best constant in (jl.Hj) . 

Similar results have been established for equations involving the Baouendi-Grushin 
type operators := A^ + \x\'^'^Ay = ■'Vy (see |SZI)- 

Recently, in |2I] Mitidieri, Pohozaev and the author among other results, find some 
conditions on the functions u and /, that assure the positivity of the solutions of the 
partial differential inequalities —Lu > f{^,u) on M'^. Here L is a quite general linear 
second order differential operator, namely, Lu := — V2 ■ V^m, where Vl is a general 
vector field. This class of operators include all previous cited operators as well as the 
sub-Laplacian on Carnot groups. 

Having in mind some extensions of the above results in the setting of second order 
linear degenerate (or singular) partial differential operators, it appears that an important 
step towards this programme is to establish some fundamental inequalities of Hardy type. 

In this paper we shall prove some Hardy type inequalities associated to the quasilinear 
operators 

Lpu := -V2(| VL^r' Vlu) (p > 1). 
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Our principal result can be roughly described as follows: let : ^2 — > M be any positive 



provided —Lp(j) > 0. 

For this goal we shall mainly use a technique developed in jl8| IT?H 1^ . An interesting 
outcome of this approach is that, in several cases, one can easily obtain the best constant. 
Furthermore, our main results represent a generalization of some results contained in 
Indeed, in those papers the authors deal with a very special case: The usual Euclidean case 
where is a particular power of the Euclidean distance from a given surface. Whereas, 
in our approach, Vl can be any quite general vector field and (p any positive weight: the 
generality of this approach being an important strength. It is, in fact, to remark that this 
unifying method allows, specializing the choice of 0, to obtain almost all the fundamental 
Hardy inequalities known in Euclidean and subelliptic settings as well as to yield new 
Hardy type inequalities. Moreover, let us to stress that our only hypothesis —Lpcj) > 
plays a relevant role in order to establish that the best constant is not achieved. 

We pay particular attention to the following special cases of Lp-. the Grushin type 
operators, the Heisenberg-Greiner operators and the sub-Laplacian on Carnot groups 
(see section 3). Specializing the function 0, we get more concrete Hardy type inequalities 
for these operators with explicit values of the constants involved, which result the best 
possible in almost all the considered cases. 



The aim of this section is to present some preliminary results and derive some Hardy type 
inequalities related to a general vector field. 

In this paper V stands for the usual gradient in R^. We indicate with Ik and with |-| 
respectively the identity matrix of order k and the Euclidean norm. 



Let /i := (/iij), i = I, ... ,1, j = l,...,A^bea matrix with continuous entries /ijj e 
^(M^). Let = 1, ...,/) be defined as 



weight, for any u G "^0(^2) we have 




2 Main results 



N 



d 



Xi := Y.^^M) 



(2.4) 



and let Vl be the vector field defined by 



VL:=(Xi,...,XO^ = /iV. 
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Assuming that for i = 1, . . . , / and j = 1, . . . , iV the derivative ^jJ'ij G ^(M ), we set 

N Q 

3=1 

the formal adjoint of Xj and := (Xj*, . . . , )'^. 

For any vector field h = [hi, . . . , hi)^ G ^^{Vt, M'), we shall use the following notation 

divL(/i) := d\v{ii^h), 

that is ^ 

div4/i) = -^x;/ii = -vi:-/i. 

j=i 

In what follows L stands for the linear second order differential operator defined by 

L := divi(Vz,) = -Y.X*X, = -V; • Vl 

i=l 

and for p > 1, with Lp we denote the quasilinear operator 

Lp{u) := dividVii^r' Vlh) = -^X;(|ViHr'X,H) = -V^ • H^Lur'^Lu). 

i=l 

Example 2.1 Lei I < N be a positive natural number and let /J be the matrix defined as 

l^':={Ii 0). 

The corresponding vector field V' results to be the usual gradient acting only on the first I 
variables V' = . . . , ^). It is clear that = V. The corresponding quasilinear 



operator Lp is the usual p— Laplacian acting on the first I variables of ] 



Example 2.2 (Baouendi-Grushin type operator) Let R'^ be splitted in ^ — [x, ?/) e R" x 
^ . Let 7 > and let li be the following matrix 

(o 

The corresponding vector field zs Vy = (Vj^, \xy V^) and the linear operator L is the 
so-called Baouendi-Grushin operator L = + A^^. 

Notice that if k = or 7 = 0, then L and Lp coincide respectively with the usual 
Laplacian operator and p-Laplacian operator. 
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Example 2.3 (Heisenherg gradient) Let ^ = {x,y,t) G M" x M" x M = e"(= M^) and 
let 11 he defined as 

(In 2y \ 
VO /„ -2x)- 

The corresponding vector field Vh is the Heisenherg gradient on the Heisenherg group H". 

This is the simplest case of a more general setting: the Carnot groups. More details 
are given in Section\ 



Example 2.4 (Heisenherg- Greiner operator) Let^ = {x,y,t) G xW^ xM., r := \ {x,y)\, 
7 > 1 and let /x he defined as 

(In 27?/r2T-2 \ 

The corresponding vector fields are Xi = + 27yjr^'^~^^, Yi = — 2'^Xir'^"'~'^^ for 
i = 1, . . . , n. 

For 'J = 1 L is the suh-Laplacian Ah on the Heisenherg group H". // 7 = 2, 3, . . L 
is a Greiner operator (see JH^). 

Let A be an open subset of with Lipschitz boundary dA and let h G '^^{A, M!) be 
a vector field. By the divergence theorem we have 

/ divLhdC, = / div(fi^h)dC, = h ■ fiudT, = h ■ fidT,, 

J A J A JdA JdA 

where '■= fJ^^, and u denotes the exterior normal at point G dA. If h has the form 
h = fh with / G 'rf\A) and h G then 

/ fdivLhd^ + I ^Lf- hdi = I fh- ULdT.. (2.7) 

J A J A JdA 

Moreover, ii h = Vlu with u G ^^(A), then ()2.7|1 yields the Gauss-Green formula 

/ fLudi + I WLf- ^LUdi = I fS/LU ■ ULdT.. 
J A J A JdA 

Let g G 'lo^iM) be such that (7(0) = and let Vt C be open. For every vector field 
h G ^^{A,^) and any compactly supported function u G '^^{Vl), choosing / := g{u) in 
()2.7j) . we obtain 

/ g{u)diVLhdi = - / g'{u)VLU ■ hd^. (2.8) 
Jo. Ja 
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Let h G Lj^^{il,M.'') be a vector field. As usual, we define the distribution divih using the 
formula ()2.8|) with g{s) = s. If in fl2.8|) we chose g{t) = \tf with p > 1, then for every 
u e ^0 (f^) we have 

/ \uf divLhd^ = -p [ luf'^uViu- hd^. (2.9) 
Jn Jn 

Let h G ^^^^(fi, R') be a vector field and let A G L;^Q^(f2) be a function. In what follows 
we write A < divih meaning that the inequality holds in distributional sense, that is for 
every (p G ^q{^) such that > 0, we have 

/ (j)Ad^< I (pdiYLhd^ = - ( ^^cj) -hd^. 
Jn Jn Jn 

Identities fj2.8|) and ()2.9p play an important role in the proof of the following Hardy 
type inequalities and the Poincare inequality too. 

Theorem 2.5 Let p > 1. Let h e L}^^{^l,R^) be a vector field and let Ah G L]^^{Vt) he 
a nonnegative function such that Ah < divi/i and \hf Af^^^ G Lj^^^fl). Then for every 
u G ^o(fi), we have 

[ HAhdi<p^ j ^^ \VLu\^di. (2.10) 
J n J n /\ J 

h 

Proof . We note that the right hand side of ()2.10|1 is finite since u G <(fi). Using the 
identity ()2.9j) and Holder inequality we obtain 



/ \ufAhdi < f \ufdwLhdC<pf \uf-^\h\\VLu\dC 
Jn Jn Jn 

f I IP-l /|(P-1)/P \^\ IV7 I 

= pjjur A\^ -^p^iVi«Me 



(p-l)/p / r \h\P 



This completes the proof. □ 

Specializing the vector field h and the function Ah, we shall deduce from ()2.10p some 
concrete inequalities of Hardy type. 

Remark 2.6 Setting Ah = div^/i in ()2.10p . we have 

/j.rdni/,d«<//^-J^iv,„,rd«. (2.11) 
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Acting as Davies and Hinz in [21], the choice h := VlV with V such that LV > 0, 
yields 

/ \unLv\d^<if f ^^Sy ivL^r^e (2.12) 

In order to state a Hardy inequahty, now the problem is to find a suitable function V. In 
the Euclidean setting for 1 < p < A^, choosing V{^) = if 1 < p < 2, V{^) = In |^| 

if p = 2 and V{^) = — ^ if 2 < p < N, we obtain the Hardy inequality (jl.lj) with 

Another strategy is to chose the vector field h a.s h = {ViVf VlV with V such that 
LpV > 0. Thus, we have 



ip(p-i) 



/ H \L,V\ < [ ' Huf dt (2.13) 

Hence, in the Euclidean setting for 1 < p < A^, choosing V{^) = In |^| we reobtain the 
inequality (jl.ip with w{^) = |^|. 

In order to obtain the classical Hardy inequalities in Euclidean setting, these strategies 
are equivalent. This equivalence is basically due to the fact that|V |^|| = 1 for ^ 7^ 0. The 
latter approach is slightly more simple: the choice of V is independent of p. Moreover, it 
turned out to be more fruitful in the Heisenberg group and in the Grushin plane settings 
(see [T^ ITH] ) as well as in our more general framework. 

Let c? : f2 — s> R be a nonnegative non constant measurable function. In order to state 
Hardy inequalities involving the weight d, the basic assumption we made on d is that, for 
« 7^ 0, (i" is a one side weak solution of —Lp{u) = 0, that is d°' is super- Lp-harmonic or 
sub-Lp-harmonic in weak sense. Namely, let a, /? G M, a 7^ 0, requiring 

i^^df-' e Ll^iVt), (2.14) 

we assume that 

- Lp{d") > onQ [resp. < 0] (2.15) 
in weak sense, that is for every nonnegative </> G '^o^(f^) we have 

/ I Virf^r"' Vici" ■ Vl0 = a / | Vl^I^"' Vl^ ■ Vl0 > [resp. < 0] (2.16) 

Jn Jn 

and 

a[(a- l)(p- 1) 1] > 0, [resp. <0]. (2.17) 
Gluing together the above conditions, we assume that 

-Lp{cd")>0 onQ (2.18) 
in weak sense, where c := a[{a — l)(j9 — 1) — /j — 1] 
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Theorem 2.7 Assume that \2.14\^ and \2.1^) hold. Let P eR be such that 

d^WreLUn), (2.19) 
d^+p e LlM- (2.20) 
For every function u G (fi), we have 

{Ca,p,pr f \ufd^\VLdfd^< I d^+^\VLu\^di, (2.21) 

Jn Jn 
where Ca,p,p := \{a - l){p - I) - (3 - l\/p. 

In particular, if —Lp{d°') > 0, then for every function u G we have 

/ |a| (p — 1) f \u\^ 
V P 

provided d-P \VLdf G Ll^in). 



I ^-\VLd\'di< f iV^^r^e (2.22) 



Remark 2.8 In most examples we shall deal with, the constant ^ p, yielded by applying 
Theorem 12.71 results to be sharp. We shall now indicate an argument that can be used 
to prove the sharpness of the constant c^^/j p involved in the inequality of Theorem 12.71 
Let Cb{fl) be the best constant in ()2.21|) . It is clear that Cb{fl) > c^,/3,p. We shall assume 
that the hypotheses of Theorem 12.71 are satisfied and that there exists s > such that 

:= d~^(\ — oo, s[) and Qg '■= d~^{]s, +oo[) are not empty open subsets of Q with 
piece wise regular boundaries. 

We assume that there exists eo > such that for every e g]0, eo[ there hold 

< / d^'^P+f^ \VLdf < +00, < / d-^^'^P+f^ \VLdf < +00, (2.23) 

J d<s Jd>s 

where 

J(a.-l)(p-l)-,.-lK. ^ (2.24) 

P p 

By rescaling argument, we can assume that s = 1. Let e g]0, eo[ and let f : ^2 ^ M be 
defined as 

""^^^-X d-<^/^\i) iid{i)>i. ^^-^^^ 

By hypothesis, J^yPd^ I'Vidf is finite. Thus, we have 

f vPd^lVLdf = c{e)P f d''+Pd'^<'^'^>P \VLdf + c{e)P f d^+PS-<'/^^-^>P {Vidf 

Jn Jd<l Jd>l 



c(e)P 



I d^+P \VLvf + (-P^)^ / d^+P \VLvf 

[ d^^p \v,vr + (-^ - 1) / d^^p w.vf . 
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Observing that c(e) > c(e/2), we get 

c(e)P / vPd^\VLdf> I d^+^VLvf, (2.26) 

the converse of the Hardy inequality. 

Now we assume that the Hardy inequahty 1)2.211) holds for the function v defined in 
(122^1) • From ()T^ we deduce c(e)P > Cb{9). Letting e ^ 0, we get (f^p^ > Cb{n) and 
hence the claim. 

The question of the existence of functions that realize the best constant arises. In 
such a general framework a unique answer cannot be given. Indeed, even in the Euclidean 
setting several cases occur. Let p = 2, let di{-) := |-| be the Euclidean distance from the 
origin, and let d2{-) '■= dist{-,dQ) be the distance from the boundary of a given domain 
n. C {N > 3) is a ball centered at the origin, then the best constants in the 
Hardy inequality ()2.22j) related to di and ^2 are not achieved. On the other hand, there 
exist smooth bounded domains Q such that the best constant in the inequality related to 
di is not achieved and the best constant in the inequality related to d2 is achieved (see 
|40t HT] ) . Anyway, some steps in this direction can be done even in our general framework. 
For the sake of simplicity, we shall focus our attention on the inequality ()2.22|) . 

Therefore, under the same hypotheses of Theorem 12. 71 we assume that —Lp{d°') > on 
O in weak sense, that (/^^ \VLuf d^Y^^ is a norm and that D]f{yL), the closure of '^{Vt) 
in that norm, is well defined. We denote by Cb(f2) the best constant in ()2.22p . namely 



CbiSl) := inf IP . . 1^ ,ip (2.27) 







fd^ 


In 


\u\ 


\^d~P 1 


VLdfd^ 



Theorem 2.9 Under the above hypotheses we have: 

1. If d°'~ G D]^^{^1), then Cb(fi) = (|a| and d°'~ is a minimizer. 

2. If d"""^ ^ Di^i^), P > 2, iVidl ^ a.e. and Cbin) = i\a\^)P then the best 
constant ci,{Q) is not achieved. 

Remark 2.10 In all the examples we shall deal with in the last section, it is possible to 
apply Theorem 12 . 91 and, hence, for p > 2 the best constants mentioned in all the theorems 
of Section El are not achieved. 

Remark 2.11 Let us to consider the special case of Vl = V, the usual Euclidean gra- 
dient, d is the Euclidean distance from a given regular surface K of codimension k 



Hardy Inequalities related to degenerate elliptic operators 



10 



{1 < k < N), a = f3 = —p. In this case, replacing with il\ K, Theorem 

12.71 assures that the inequahty 

holds for every u G \ ^) provided -Ap(rf") >Oonn\K. 

This particular case of Theorem 12. 71 is contained in ^Ej, where the authors also study 
the remainder terms for inequality ()2.28p . 

The reader interested in the study of Hardy inequalities with remainder terms can 
refer to [H El HHl HH EI] and the references therein for the Euclidean case and to [IH] for 
the case Vl = Vh, the Heisenberg gradient on the Heisenberg group. 

Proof of Theorem 12.71 We prove the thesis in the case —Lp[d°') > and c := a[{a — 
— 1) — /3 — 1] > 0. The alternative case is similar. 
Let if G ^o(f^) be a nonnegative function. Choosing in ()2.16|) (f) := d^~^^~^°'~^^^P~^^(f, 
we have 

0<a f d'^+^\VLdf-^VLd-VL^-a[{a-l){p-l)-P-l] f d^^ iVidf ^. (2.29) 

Using Holder inequality and hypotheses ()2.19|1 and ()2.2()|1 . it is immediate to check that 
the above integrals are finite. 

Let h be the vector field defined by h := — arf^"*"^ iV^cil^"^ V^rf and let Ah be the 
function defined as := a[{a — l){p — 1) — /3 — l]d^ {VLdf. Thus, from ()2.29p and the 
fact that c > 0, we obtain divih > Ah > 0. Now we are in the position to apply Theorem 
12.51 and this concludes the proof. □ 

Proof of Theorem 12. 9L 1) From ()2.22j) . we have Cf,(r2) > {\a\ 2^)p. It is immediate to 

check that u := d p realizes the infimum in ()2.27j) . 
2) Let u G ^^(fi). We define the functional / as 

The functional I is non negative, and the best constant will be achieved, if and only if, 
I{u) = for some u G D]^^{Q). 

Let V be the new variable v := d~'^u with 7 := a^^. By computation we have 

I ViM|' = I7I' iVidf + \VLvf + 2-ivd^^-\VLd ■ Vlv). (2.30) 
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(If d is not smooth enough, by standard argument one can consider d^ a regularization of 
d and after the computation taking the hmit as e — > 0). 
We remind that the inequahty 



s-l 



(2.31) 



holds for every C,,ri,s eM. with > 0,C, > r] and s > 1 (see jSI])- Applying ()2.31|) and 

rf2T-2 I Vid|^ and 7] = -2-fvd^^-\VLd ■ Vlv) - d^^' \Vlv\\ 



with s = p/2, e 

we have 



|2„,2 



+ 1 |^|P-2^(-l)(p-l)+l |V^rf|P-2 |V^^|2 . 

Taking into account that u := d^v we have 

/(M)>/i(t;) + /2(t;) 



where 



hiv) 



I 7 |f I f 



/ Jn 

Re-arranging the expression in Ji and integrating by parts we obtain 



hiv) 



' p — 1 



p — 1 



p J Jn 

p-i 



VL\vf-Wr'VLd'')d^ 



t;r|Vic/"r-'(Vic/"-z/i)dS 



an 



p — 1 

. P . 



p-i 



\vf{-L,{d''))d^>0, 



where we have used the fact that v G ^^{Q) and the hypothesis —Lpid'^) > 0. On the 
other hand we can rewrite I2 as 



p Jn 



Thus, we conclude that for any u G Djf{Vt) 

2 

P 

and this inequality implies the non existence of minimizers in D\]'\Vt). 



□ 
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Specializing the function d, we shall deduce from Theorem ()2.7p some concrete in- 
equalities of Hardy type. A first example is the following. We assume that there exists 
m G N, 1 < m < I such that the matrix n in ()2.4|1 has the following form 



where /ii and fi2 denote matrixes with m x (A^ — m) and (/ — m) x (A^ — m) continuous 
entries respectively and Im stands for the identity matrix of order m. Notice that this 
case occurs in all the examples cited above. 

Set 7] := (^1, . . . , ^m), T '■= i^m+i, ■ ■ ■ , (,n) and let Vp be defined for r] G M™" \ {0} as 

p — m 

v,M.= { I"!,"", (2.33) 
— m |?7| n p = m. 

The function Vp is p-harmonic on \ {0} x M^^™ for the Euclidean p-Laplacian acting 
on the 1] variable Ap,, and hence also for the quasilinear operator Lp. Moreover, there 
exists a constant lp such that 

—Ap^r^Vp = lp6o on 

in weak sense, where is the Dirac distribution at G M"* and /p > if and only if 
1 < p < m. These relations allow us to apply Theorem 12.71 

Theorem 2.12 Assume that /i has the form \2. 3^) and let f3 be fixed. 

1. Let 1 < p < oo and let Vl C he an open set. If m + /3 < 0, then we also require 
that n C (M" \ {0}) X R^-"^. Then for every u G (^). have 

hi I \u{r],T)\^\r]fdr]dT< f \VLu{r],T)f \7]f^'^ dr]dT, (2.34) 
where hp := . 

In particular, for every u G '^^{Vl), we ohtain 

J^y^^MZ,,, (^)7^M,,,.,/^,V.„«)r., (.35, 

2. Let p = m > 1. Let R > and set n := = {r], r) G x R^"™, |r/| < R}. If 
/3 < —1, then for every u G '^^{Vl), we have 

IP 



I l^fa ^)l' (i^_^)/3^^^^< I I V,^n(r^,r)r (In i^r^cir, (2.36) 
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where hp := 

In particular, for every u G '^^{VL), we obtain 

Remark 2.13 It is easy to check that the inequahty ()2.36p holds also for /3 > — 1 provided 
the set n is replaced by := {{rj, r) G x R^'"", < < R}. 

Proof . Let 1 < p < m. We claim that the function Vp is super-Lp-harmonic on M^. 
Indeed, let G <4(M^) be a non negative function. Observing that |\ifp| = |V,jfp|, we 
have 

-Lr>vr> <Pd^ = dr J^^ A,„.,)0 = /, /^^_ 0(0, r)dr > (2.38) 

Analogously, one can prove that Vp is super- Lp-harmonic when p = m and sub-Lp- 
harmonic when p > m. 

First we consider the case p ^ m. We choose d°' = Vp with d{^) = dijj.r) = \ri\ and 
a = Observing that |Vl I^^H = |Vr, Ir^H = 1 a.e. and that the integrability conditions 
(piI|l . (frTTI|l . ^TK^ are satisfied, applying Theorem O we get ^M>- 

Let p = m > 1. The choices d{r],T) = In and a = 1 in Theorem 12.71 vield the 
inequality ()2.36|) . 

Finally, we prove the missing inequality ()2.34|1 when p = m. We consider the case 
m + (3 > 0. The case m + /5 < is analogous and the case m + (3 = is trivial. Let cr > 
be such that m + P — a > 0. We chose d{^) = \ri\, a = In this case it easy to check 
that d°' is sub-L^-harmonic on M^, that is 



The constant c in (j2l8|l isc = ^ < 0. Hence, we are in the position to apply 

Theorem \2.7\ thus, we derive the inequality 

m + P — a 



Jn Jn 



p 

Letting cr — 0, we get the claim. □ 



Remark 2.14 In the case /i = In, the vector field Vl is the usual gradient V. For m < N, 
inequalities of type ()2.34p are already present in jlSI and in jH]. Secchi, Smets and Willem 
in jlH] prove that the constant 6^ is optimal when m + f3 > and = (see next section 
for further generalization in this direction). 
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An immediate consequence of Theorem 12.121 is a Poincare inequality for the vector 
field Vl- The claim easily follows from inequality ()2.34j) with (3 = 0. 

Theorem 2.15 Let be an open subset of bounded in direction, that is, there 
exists M > such that for every ^ & Q it results < M. Assume that the matrix fi has 
the form / fOl) . 

Then, for every u E ^^{^l), we have 



cP 



Jn Jn 



with c := -j-f. 

pM 



In j2I] the authors, in order to study the inequality —Lu > f, make the same assump- 
tions on the operator L. Namely, for a fixed r] e they say that (H^) is satisfied if there 
exist a real number Q = Q{ri) > 2 and a nonnegative continuous function c?^ : ]R_|_ 
such that the following four properties hold 

1. dj^{^) = if and only if C, = rj. 

2. rf^ e<^'(M^\M). 

3. The fundamental solution of —L on M at is given by = That is, the 
functions d'^~^ and rf^"*^ belong to Lj^^{R^) and for any G we have 

(-L0)(or,(Orfe = 0(r/). 

4. For any i,j = 1, . . . , / the functions XjC?^, Xj{dr,Xidri) are bounded and | Vlc/.^^ 7^ 
almost everywhere on M^. 

In this setting, it is immediate to check that the hypotheses of Theorem 12.71 are fulfilled 
and a Hardy inequality related to the operator L holds. 



Theorem 2.16 Letrj G and assume that (H^) is satisfied. Then for any u G ^q(!i 



we have 

2 



As particular case of Theorem 12.71 we obtain the following 

Theorem 2.17 Let g G ^^(fi) be an Lp-harmonic function, that is LpQ = and let 

V G "^^(M) be a concave function such that v o g is positive on il. For any u G we 
have 



p Jn vP{g{Q) Jn 
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The above result follows from Theorem 12.71 and the following worthwhile lemma 

Lemma 2.18 Let p>l, aEM., a^O and g G '^'^{Vl) he a positive function such 
that Lp{g'^) = 0. Let v E ^^(M) be such that v'{g{^)) ^ for ^ e n. Then setting 
uiO ■= ^(giO), we have 

L,u = {p-l) \VLgr W{g)r^ \v" + 

Proof . We notice that for every / G "^^{9) and h G '^^(^],M'), we have -V£{fh) = 
^hf ■ h - f\/£h. Let G ^^(M). Observing that Vl(0 o g) = (f)'{g)VLg, we deduce 

= -V; {\<P'{g)r' \VLgr' ^'{g)VLg) = \<P'ig)r' [{p - 1)0" \^L9r + <\>'L,g\ . (2.39) 

Choosing 0(t) = in ()2.39p and taking into account the p-harmonicity of (7" we obtain 

gL^g = (p - 1)(1 - a) | Vl^|^ , 

which substituted in ()2.39j) . yields the claim. □ 

Remark 2.19 Lemma 12.181 provides a generalization of the expression of the usual p- 
Laplacian for radial function. 

As simple application of previous results is the following 

Proposition 2.20 Let \i he the usual gradient in M^, that is Vl ■= 'V = {dx,dy)^ and 
:=] - |, f [xM. For every u G ^o(^) have 

1 r u\x y) ^^^y^ f |Vm(x,?/)|' dxdy. (2.40) 
4 Jn cos^ X Jn 

Moreover the constant 1/4 is optimal and it is not achieved in D^''^{Q). 

Proof . The inequality ()2.4()|1 follows from Theorem 12 . 71 and the choice d{x, y) := cosx. 
Merging ()2.4()|1 and the inequality 

71 

cosx < — — \x\ = dist{{x,y),dQ) for {x,y) G fl, 



we have 

u'^{x,y) 
4 Jq dist'^{{x, y), dQ) 

The fact that 1/4 is the best constant in 1)2.411) (see ^Ij), implies the optimality of 
1/4 in ()2.40|1 . Hence applying Theorem 12.91 we conclude the proof. □ 



Remark 2.21 Finally, we notice that the result stated in our main Theorem 12.71 can 
be reformulated also for non compact Riemannian manifold. This allow us to re-obtain 
the Hardy inequalities present in ^Hj as well as their many generalizations with weaker 
hypotheses. 
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3 Hardy Inequalities for some Subelliptic Operators 

In this section we shall apply the previous results to particular operators. 

Let 1 < p < CX3. In the sequel for a given vector field Wl and open set C M^, we shall 
denote by /^['^(fi) the closure of 'C'(^) in the norm {Viufd^y/P. If w E Lj^^iP) and 
w > a.e. on fi, D]f{yt, w) denotes the closure of ^^(fi) in the norm (/^^ \ Vlu\^ wdS,)^/'^ . 

3.1 Baouendi-Grushin operator 

Let be splitted in ^ = (x, ?/) G x M^'. Let 7 > be a nonnesrative real number and 
let n be the matrix defined in ()2.5|) . The corresponding vector field is Vy = (V^., Vy) 
and the nonlinear operator Lp is LpU = divL{\'Vyuf~'^ VyU) . The linear operator L = L2 
is the so-called Baouendi-Grushin operator L = = + {xf"^ Ay. Notice that if A; = 
or 7 = 0, then L and Lp coincide respectively with the usual Laplacian operator and 
p-Laplacian operator. 

Defining on the dilation 5x as 

6xix,y):=iXx,X'^^yy, (3.42) 

it is not difficult to check that Vy is homogeneous of degree one with respect to the 
dilation: %{6x) = X6x{%). 

Let 1^] = [(x,?/)] be the following distance from the origin on M^: 

1 

Cd k \ 2+27 

1=1 i=l / 

It is easy to see that |-] is homogeneous of degree one with respect to 6x- 

Let Q := n+ (1 + 7)A; be the so called homogeneous dimension. If for i? > we denote 
by Bfi the set 

Bn := G : [^1 < R}, 

then we have 

\Br\ = \Bi\R^. 

Moreover, we have that f^f E LlM^) if and only if s > -Q and {^f E L\R^ \ Bi) if 
and only if s < —Q. 

The function [•] is related to the fundamental solution at the origin of Grushin operator 
L (see f^). Namely, if Q > 2 then the function U2 '■= [^P"*^ satisfies the relation 

-Lu2 = hSo on 
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in weak sense, where 6q is the Dirac measure at and I2 is a positive constant. 
It is immediate to check that 

|V,K1I = ||^<1. (3.43) 
Let p > 1 and let Tp be the function defined as 

[ - H^l if p = <3 

A direct calculation gives that Tp is Lp harmonic on \ {0}, that is 

- LpTp = on \ {0}. (3.45) 

Moreover, with analogous computations of [2], it is possible to show that there exists a 
constant /p 7^ such that 

- LpTp = lp5o on (3.46) 
in weak sense and /p > if and only if Q > p > 1 (see also [Hj). 

Theorem 3.1 Let P eM be fixed. 

1. Let 1 < p < +00 and let VL C he an open set. If l3 + Q < 0, then we also require 
that ^Q. We have 

I ma'^-^pd^ < 1^ urf^d^ u e d]:^^, i^f +^), (3.4?) 

where Cp := In particular, we obtain 



Moreover, if QU {0} is a neighbourhood of the origin, then the constant is sharp. 
2. Letp = Q > 1. LetR>0 and set n := G |^] < R}. If 13 < -I, then we have 

(3.49) 

where cp := -l^i^. In particular, we obtain 



fp-l\ 


p 

1 J 


f 


\u\ 


IP 


\x\ 


V P ) 


nmHR/m)ym 



IP 



di< I V^^r ue D]f{^). (3.50) 



Moreover, the constant zs sharp. 
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Remark 3.2 If 7 = 0, then the operator is the standard Laplacian operator acting 
on functions defined on and ()3.48p is the classical Hardy inequahty (see (jl.ip where 

HO = m 

Remark 3.3 The above inequality ()3.47|1 is already obtained in the case 1 < p < Q hj 
the author in 1.181. 



Remark 3.4 The inequality ()3.49|) holds also for any /3 > — 1 provided the set fl is 
replaced by := G < |^] < R}. 

Proof . We shall prove the inequalities for u G ^Q{il). The general case will follows by 
density argument. 

The inequalities ()3.47j) for p ^ Q, and ()3.49j) follow from Theorem 12.71 choosing ci" = 

Now, we prove the missing inequality ()3.47p when p = Q. We consider the case Q + jS > 
0, the converse case is similar. Let cr > be such that Q + (3 — a > 0. We choose d{^) = [^] 
and a = g^j-- ^^is case it easy to check that c?" is sub-Lg-harmonic on M^, that is 

-LQ{r) = -div^ ((^)«-1er^P^v4a) < 

in weak sense. Indeed, using fl3.45|) with p = Q, we deduce 



Q-1 \Q-1 



^ \ ....'^0 IVJ 



\Q-1J Iq iQ-lf-' UF-'^ 

Therefore, we get —Lq^cP) = — ^g_°j^^o-i ^^^|Q-1 < in weak sense. The constant c in 

These choices yield the inequality 



Q 



7P 



Letting cr — > we get the thesis. 

It remains to show that the constants and appearing in ()3.47|) and in ()3.49|) are 
sharp. First we consider the case = \ {0}. To this end it suffices to show that we 
are in the position to apply the scheme outlined in Remark | 
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Indeed, let d{^) '■= l^] and for e > consider the constant c(e) = + ^ defined in 
(EH. We have 

c{e)p + p=\Q + p\+Q + p + Q-Q + e>-Q + e 

and 

-c{e)p + [3 = -\Q + f3\+[3 + Q-Q-e<-Q-e. 

These inequahties imply the integrability conditions ()2.2Hj) . Hence we obtain the sharpness 
of the constants. 

In order to conclude in the general case we proceed as follows: let Cb(fi) be the best 
constant in ()3.47|) . By invariance of ()3.47|) under the dilation 6\ defined in fl3.42|) we have, 

c,{Br) = c,{B,) and c,(5^ \ {0}) = c,(fii \ {0}) for any R>0. 

We note that if Br\{0} cn cR^ \ {0} then, 

4 = Cb(M^ \ {0}) < c,{n) < c,{Bn \ {0}) = c,(Si \ {0}). (3.51) 

Let G ^(^(M^ \ {0}). Since the support of is compact, then ()3.47|1 holds for 
with Q = Br \ {0}, R large enough and c = Cb{BR \ {0}) = Cb{Bi \ {0}). Therefore 
CbiBi \ {0}) < Cb{R^ \ {0}), and from ^TKTlf we have Cb^Bi \ {0}) = cj^. Finally, since 
BrC^C imply 

< Cfe(M^) < Cb{Q) < Cb{BR) = Cb{B,) < Cb{B, \ {0}) = c^, 

we conclude the proof. 

The optimality of the constant in ()3.49|) can be easily proved using the procedure 
of Remark Ol □ 

Other inequalities of Hardy type related to Baouendi-Grushin operator are given in 
the following 

Theorem 3.5 Let 1 < m < n and let P eM. be fixed. We set z := (xi, . . . ,Xm)- 

1. Let 1 < p < +00 and let Vl C he an open set. Ifm + f3<0, we also require that 
C (M™ \ {0}) X M^-™. Then for every u e we have 

hi I H\zfdi< I luwrkr^^c^e, (3.52) 

^ Jn Jn 

where hp := l^Iii^. 
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In particular, for every u G '1oq{VL), we obtain 

\m-p\y f H^^^ fljJ^Y I p^d^< I iv^nr^e (3.53) 



\u 


p 


\z\ 







\ p / Jn V p 

Moreover, denoting with the Euclidean hall in of radius r and center at the 
origin, if \ {0} x B^^"^ C Q for some r, then the constant 6^ in L'J. 5^) is sharp. 

2. Letp = m>l. LetR>0 andsetn:= {{z,Xm+i...,Xn,y) eW"xW'"'xR'', \z\ < 
R}. If (3 < —1, then for every u G (fi), we have 

bl I Yt{\n^fdi< [ mufiln^Y+f'd^, (3.54) 
JQ \z\ \z\ Jn \z\ 

1/3+11 



where hp 

In particular, for every u G '^q{VL), we ohtain 

(p^zlXj y j \y u\^d^. (3.55) 

\ P ) {\z\\n{R/ \z\))P ^ - Jn^ ' ^ ^ ' 

Moreover, the constant 6^ is sharp. 

Proof . The inequalities ()3.52|1 and ()3.54|1 are a direct consequence of Theorem 12.121 
The fact that |^] > 1^1 yields the inequality ()3.53|1 . 

The sharpness of involved constants cannot be proved using the procedure of Remark 
12.81 Thus, we shall use a modification of the idea presented in [15] . 

We prove the optimality of the constant &^ in ()3.52|1 . The proof of the sharpness of 
the constant 6^ is similar. 

Let Cb(f2) be the best constant in ()3.52|) . that is 

cm := inf j ^"'^]t|''ir' ' <^ ^ (^), </> ^ o| . (3.56) 

From ()3.52|1 we have Cb(r2) > 6^. We shall prove the equality sign holds. 

First we consider the case := M"" \ {0} x R""'" x ^ . Observe that if we get the claim 
for n, that is Cb(r2) = 6^, from 6^ < Cb(]R^) < 05(^2), we get the claim also for f2 = R^. 

In what follows t stands for the variables t := (x^+i, . . . , x„) G R"^™. Let G ^J(f2) 
be such that = uvw with u = u{z) v = v{t), w = w{y), v G 'rf^{R"'\{0}) v G ^(}(R""™) 
and w G ^J(R'^). It is clear that if m = n, then we choose = uw and the following proof 
results to be slightly simpler. 
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By the convexity of the function (g^ + + s^Y^"^ for g, r, s > we have 
(g2 + r2 + < (1 _ A - + A^-^rP + /x^-PsP for A, /i > 0, A + /i < 1. 

Hence, for A, /i > such that A + yU < 1, we get 

< (1 - A - lif-'p I v.^r + A'"^ i^r kr I Vtt^r + i^r iv^^^^r 



Therefore, we obtain 







\u\ 


IP 


\v 


p 




|/3+P 








1(7 


IP 




a 1 


u\ 


p 


v\ 


P 







r I IP I IP I IP I l/3 r*" r I IP I IP I IP I l/3 

in pI pI I""^! kr I""! kr l""^! kr 

< _ A — p^^i-p -^*^'" l^^^l^ 1^1^ ^'^^ _i_ A^-p -^''^"'"' IVt^Tc?^ /r'" kr kr ^ ^ dz 

J^m\uf\zfdz lR^-"^\vfdt J^m \uf Izl'^ dz 

Now, the infimum of the ratio /j^fc \Vyw\^ dy/ J^k \wf dy vanishes, as well as the ratio 
/]gn-m iVtvf dt/ /jjn-m \v\^ dt. Froui the classical Hardy inequalities (see also Theorem 13.11 
with k = 0, n = N = Q), the infimum of J^m \z\^~^^ dz/ J^m \uf \z\^ dz is Thus, 

letting A, /X — s> 0, we get the claim. 

In order to complete the proof, we prove the claim in the case -B™ \ {0} x B^~^ C 
C M*" \ {0} X R^-'" for some r > 0. 

Let := 5™ \ {0} x B"/-"" x B^^+.,. For s > sufficiently small we have that 
B* = 5™ \ {0} X B^--^ X c 1] C M'" \ {0} X M""'". Thus, we obtain 6^ = CbiR"" \ 

{0} X M"-"") < Cb{n) < Cb{B*). By invariance of (jTK^ under the dilation 5a defined in 
()3.42|1 we have, Cb{B*) = Cb{Bl) for any r > 0. Arguing as in the proof of Theorem 13. H 
we get the claim and conclude the proof. □ 



3.2 Heisenberg-Greiner operator 

Let ^ = {x,y,t) G M" X x M, r := \{x,y)\, 7 > 1 and let fi be the matrix defined in 
p.6j) . We remind that for p = 2 and 7 = 1 Lp is the sub-Laplacian Ah on the Heisenberg 
group H". If p = 2 and 7 = 2, 3, Lp is a Greiner operator (see [SB])- 
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For {x, y, t) G M" x x M, we define 

N{x, y, t) := ((x" + y^'' + t2)V47 = (^47 + ^2^1/47^ 

where we have set r := (x^ + y'^Y^'^. Let Q := 2n + 27, p > 1 and let Tp be the function 
defined as 

'"/''n 
I — m A* it p = Q 

The function Tp is Lp harmonic on \ {0}, that is 

-Lprp = onM^\{0}. (3.58) 
Moreover, arguing as in f^, there exists a constant /p 7^ such that 

- LpTp = lp6o (3.59) 
in weak sense and /p > if and only ii Q > p (see also [201 )• Moreover, |\iA^| = ^21-1 ■ 

Theorem 3.6 Let p eR be fixed. 

1. Let 1 < p < +00 and let Vl C he an open set. If P + Q < we also require that 
^ Q. Then, we have 

I l^r^'^vR^:^!)^^ < i MN^^'d^ u e D]:^{Q, N^^^), (3.60) 

where Cp := ^-^y^. 

In particular, we obtain 

Moreover, if QU {0} is a neighbourhood of the origin, then the constant is sharp. 

2. Letp = Q. LetR>0 and set n := E iV(^) < R}. If (3 < -1, then we have 



(3.62) 



where Cp := ^-^y^- 

In particular, we obtain 

\ P J Jn {N\n{R/N))P NPi^"/-^) ' ^ ^ 

Moreover, the constant zs sharp. 
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Remark 3.7 If 7 = 1, then the operator Lp is the counterpart of the p-Laplacian for 
the sub-Laplacian operator acting on functions defined on the Heisenberg group H". In 
this case the Hardy inequality ()3.6H1 is already obtained for 1 < p < Q hj Garofalo and 
Lanconelli in [SH!, Niu, Zhang and Wang in The author in |J,9J proves the inequality 
()3.60|) and the sharpness of the involved constant. 

In the general case 7 > 1, the inequality ()3.61|) is already obtained in the case 1 < 
p < Q for function u E ^o^(R^ \ {0}) in [50|. 

The proof of the above theorem follows arguing as in the proof of Theorem 13. II Arguing 
as in Theorem 13.51 we obtain the following 

Theorem 3.8 Let P eR be fixed. 

1. Let 1 < p < +00 and let Vl C he an open set. If2n + (3<0, we also require that 
Q C (M^" \ {0}) X R. Then for every u G we have 

% I \ufr^di< I iVLuPrP+^cie, (3-64) 
^ Jn 

where hp := ^^"^^^ . Moreover, denoting with the Euclidean hall in of radius r 
with center at the origin, if B'^.'" \ {0} x B^ C Q for some r, then the constants 6^ is 
sharp. 

In particular, for every u G '1oq{Q), we ohtain 

2. Letp = In. Let R>0 and set Q := {{x,y,t) G M^" x R, \{x,y)\ < R}. If (3 < -I, 
then for every u G (fi), we have 



% f ^(In -yd^ < f \VLuf (In -r+^d^, (3.66) 
^ Jn rP r Jn r 



1/3+11 



where hp . ^ . 

In particular, for every u G '^^{VL), we ohtain 

d^< / \VLufd^. (3.67) 



' p — 1 



Moreover, the constant is sharp 





\u\ 


IP 




\ln{R/r))P 
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3.3 Hardy Inequalities on Carnot Groups 

In this section we shall present some Hardy inequalities in the framework of Carnot 
Groups. 

We begin by quoting some preliminary facts on these structures and refer the interested 
reader to 1312312111^11) for more precise information on this subject. 

A Carnot group is a connected, simply connected, nilpotent Lie group G of dimension 

with graded Lie algebra G = Vi (B ■ ■ ■ (BVr such that [Vi, Vj] = Vi+i for z = 1 ... r — 1 
and [Vi, Vr] = 0. A such integer r is called the step of the group. We set I = rii = dim Vi, 
77.2 = dim V21 ■ ■ ■ = dim Vr- A Carnot group G of dimension A^ can be identified, up to 
an isomorphism, with the structure of a homogeneous Carnot Group (M^, o, 5x) defined as 
follows; we identify G with endowed with a Lie group law o. We consider splitted in 
r subspaces = M"^ x M"^ x ■ ■ ■ x M"-- with ni+n2 + - ■■ + n^ = iV and ^ = {^^^\ . . .,^^''^) 
with e M"\ We shall assume that there exists a family of Lie group automorphisms, 
called dilation, 5x with A > of the form (5a (0 = A^^^^)^ _ _ _ ^ A'^^(^)). The Lie algebra 

of left-invariant vector fields on (M^, o) is g. For z = 1, . . . , ni = / let Xj be the unique 
vector field in Q that coincides with d/dC,i^^ at the origin. We require that the Lie algebra 
generated by Xi, . . . , is the whole Q. 

If the above hypotheses are satisfied, we shall call G = (R'^, o, Sx) a homogeneous 
Carnot Group. We denote with Vl the vector field Vl := (Xi, . . . , X^)-'". The canonical sub- 
Laplacian on G is the second order differential operator defined by L2 := = 
and we define for p > 1 the p-sub-Laplacian operator Lp{u) := Xj(|VLM|^~^ Xj-u). 

Some important properties of Homogeneous Carnot groups are the following: the 
Lebesgue measure on coincides with the bi-invariant Haar measure on G. We denote 
by Q '■= J2^i=iini = J2l^iidimVi the homogeneous dimension of G. For every measur- 
able set E C M^, we have |5a(-E')| = X'^\E\. Since Xi, . . . ,X; generate the whole Q, the 
sub-Laplacian L satisfies the Hormander's hypoellipticity condition. Moreover, the vector 
fields Xi, . . . , X; are homogeneous of degree 1 with respect to 6x- 

A nonnegative continuous function N : — > M+ is called a homogeneous norm on G, 
if X(^~^) = X(^), N{^) = if and only if ,^ = and it is homogeneous of degree 1 with 
respect to 6x (i.e. X(5a(0) = -^-^(0)- ^ homogeneous norm N defines on G a pseudo- 
distance as d{^, rf) := N{C,~^ri). For such a function d, there holds only a pseudo-triangular 
inequality: 

di^, V) < Cd{i, + Cd{C, v) (e, C, G G) (3.68) 

with C > 1. Hence, d, in general, is not a distance. 

If N and N are two homogeneous norms, then they are equivalent, that is, there exists 
a constant C>0 such that C-^N{^) < N{^) < CN{0. 
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Let iV be a homogeneous norm, then there exists a constant C > such that C ^ \^\ < 
N{^) < for iV(^) < 1 and |-| stands for the Euchdean norm. An example of 

homogeneous norm is the following 

/ r \ l/2r! 

NsiO ■■= le.r^'/^j ■ (3.69) 

Notice that if A^" is a homogeneous norm differentiable a.e., then | VlA"| is homogeneous 
of degree with respect to Sx, hence |VlA^| is bounded. 



Special examples of Carnot groups are the Euclidean spaces M^. Moreover, if Q < 3 
then any Carnot group is the ordinary Euclidean space M*^. 

The most simple nontrivial example of a Carnot group is the Heisenberg group = 
R^. For an integer n > 1, the Heisenberg group H" is defined as follows: let ^ = {^'^^\^^'^^) 
with := (xi, . . . , x„, yi, . . . , yn) and := t. We endow R^"^^ with the group law 

n 

io^ :^ {x + x,y + y,i + t + 2 J^i^iVi - ^iVi))- 



i=l 

For i — 1, . . . ,n, consider the vector fields 

d d d d 

oxi at oyi at 

and the associated Heisenberg gradient as follows 

Vif := (Xi, . . . , Xm Fi, . . . , . 

The sub-Laplacian Aj^ is then the operator defined by 

n 
i=l 

The family of dilation is given by 

5x{0 {Xx,Xy,XH). 
In we can define the canonical homogeneous norm by 

2 \ 1/4 

2 



\^\H--=\[i:^^+yn +t 
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The homogeneous dimension is given by Q = 2n + 2, and the fundamental solution of the 
sub-Laplacian —A^ at point r] takes the form r.^(^) = \r]~^ o ^l^^^^". 

Other particular cases of Carnot groups are the Heisenberg-type groups. They were 
introduced by Kaplan jHE] and have subsequently studied by several authors. We list some 
properties for Heisenberg-type groups and refer the reader to |Hl EDI and the reference 
therein. 

Let G be a Carnot group of step 2 with Lie algebra Q = Vi®V2 and let Vi be endowed 
with a scalar product (■, ■). Let J : V2 — EndiVi) be defined as 

{JmA) = iliilv), V e V2, i e e V,. 

We say that G is of H(eisenberg)-type if for all r] E V2 we have J{ri)'^ = — \rif Id. 

Let G be an H-tjpe group. Denoting by exp the exponential map exp : ^ ^ G (that 
is a global diffeomorphism) , we define the analytic mappings x : G ^ Vi and t : G ^ V2 
by the identity ^ = exp(x(^) + t{C,)). For the sake of simplicity we shall identify ^ with 

e = (x,t). 

Let be defined as 

Ar(e) := (|x|' + 16|t|')i/^ (3.70) 

Then is a homogeneous norm on G. In this setting, the homogeneous dimension is given 
by Q = ""-1 + 2n2 (we remind that rii = dim Vi and n2 = dim V2). 
Let p > 1 and let Tp be the function defined as 

I — m A/ 11 p = Q 
The function Tp is Lp harmonic on \ {0}, that is 

- LpTp = on \ {0}. (3.72) 
Moreover, there exists a constant lp such that 

— LpTp = IpSo (3.73) 
and if Q > p, then lp > (see [El IS3 EE] ) • Moreover, |VLiV(0| 



Suppose that a function u has the form u = u{\x\ , t), then we have 

I |2 I |2 

\^^u{^)f = \Vccuf +^-^\Vtuf and Lu{^) = A^u + ^-^Atu. 



Hardy Inequalities related to degenerate elliptic operators 



27 



Now we come back to the general Carnot group. It is well-known that there exists a 
homogeneous norm A^2 smooth on G\ {0} such that (A^2(0)^~*^ ^ fundamental solution 
of —L2 at (see [23 EZI)- On the other hand there exists a homogeneous norm Nq on G 
such that — In Nq is a fundamental solution of —Lq at (see [HISS])- In general these two 
norms do not agree (see |2]). Moreover, according to author's knowledge, the best result 
on the regularity of Nq is that it is Holder continuous ( [HI [T3] , see also [13] ) . 

In spite of lack of information on regularity of Nq, we can still use the results of 
previous section to obtain Hardy inequalities related to Vl involving the homogeneous 
norm N2 and Nq for p = 2 and p = Q- 

In the case 1 < p < Q one can argue as follows. Assume that Gp is a fundamental 
solution of —Lp at on G (that is —LpGp = 60) with a singularity at 0. We set Np := 

Gp~'^ . Now applying the results of previous section we get a Hardy inequality involving 
the function Np. Using the results presented in [T3], it is easy to prove that if iV is a 
homogeneous norm on G, then there exists a constant C > such that 

CN{^) < A/p(0 < C"^iV(0 for every ^ G G. 

Hence, we obtain a Hardy inequality involving a homogeneous norm A^, more precisely 

Proposition 3.9 Under the above hypotheses, there exists a constant c > such that for 
every u e '^q (G), we have 

If, in the previous inequality ()3.74|) we fix, for instance, = A^2; we cannot say 
anything on the constant c and, in particular, we are not able to estimate c: This is due 
to the lack of information about the relation between Np and N2. 

Therefore, in what follows, for p > 1 we denote with Vp the function defined as 

{ p-Q 
l^^^r. fo^^^O- (3-75) 
- In A/g li p = Q 

The question if Vp is Lp harmonic on G \ {0} arises. 
In [2] the authors give the following definition 

Definition 3.10 The group G is polarizable if N2 is 00-harmonic on G\ {0}, that is, 
N2 is a solution of 

Aoo/:=^(Vi|Vi/|',VL/) = on G\{0}. 
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We recall that for / G we can write Aqo/ also as 

Aoc/ = ((v/7R/,Vi/) 

where \^*/ denotes the symmetrized horizontal Hessian matrix of /, \^*/ := l/2[(Vj^/) + 

In j2] the authors prove that if G is polarizable then Tp defined in ()3.75|) is p-harmonic 
on G\ {0}. Moreover, there exists /p 7^ such that —Lp(Tp) = lp6o on G and /p > if and 
only if 1 < p < Q. 

Actually, the condition that Tp is Lp-harmonic on G \ {0} is also a sufficient condition 
for the polarizability as specified by the following 

Proposition 3.11 The group G is polarizable if and only if the function Tp defined in 
7^ is Lp-harmonic on G \ {0} for some p > \, p ^ 1 (and hence for all p > 1 ). 

Proof . The necessary condition is already proved in j2]. Thus, we shall prove the 
sufficient condition. 

Let M be a smooth function. By computation we have 

Lpu = VUlVLuf-^) ■ Vlu + \Vlu\'"^L2U = {p-2) l^M"-^ A^u + \VLuf-^ L^u. (3.76) 

Taking into account that N"^'^ is L2-harmonic on G \ {0}, from Lemma 12.181 we have 
L2N2 = {Q- l)^]^. Hence, applying (jT7K|l to N2 we have 

LpN2 = {p-2) \VLN2r'A^N2 + {Q- 1)^;^. (3.77) 
The thesis will follow if we prove that the identity 

LpN2 = {Q - ly-^j;^ (3.78) 

holds for every ^ 7^ 0. 

Let p > 1, p 7^ 2 be such that Fp is Lp-harmonic G \ {0}. First we assume that p Q. 
We apply Lemma 1!^. 181 with g = N2, a = to u = N2 obtaining the identity ()3.78p . 

Now we consider the case p = Q. Since Fg = —lnN2 is Q-harmonic, the function 
— In ^ is still Q-harmonic and positive on '■= & G\0 < N2{$,) < R}. Thus applying 
Lemma 12^1 with g = —\n a = 1 to u = N2 y^e have that the identity ()3.78j) is fulfilled 
on Qj^. Since R is arbitrary we conclude that the identity ()3.78|) holds on G \ {0}. □ 

Examples of polarizable Carnot groups are the usual Euclidean space, as well as H-type 
group and hence the Heisenberg group. This is proved in 
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Remark 3.12 Proposition 13.1 ll provides a straightforward proof of the polarizabiUty of 
H-type groups. 

Theorem 3.13 Let p > 1 and let Tp be Lp-harmonic on G\ {0}. Let /5 G M &e fixed and 
letN = N2. 

1. Let 1 < p < +00 and let Q G G be an open set. If (3 + Q < we also require that 
^ Q. Then we have 

f lufN^lVLNl^d^K f iVLul^NP+^d^ ue D\:P{n,NP+^), (3.79) 
^ Jn Jn 

where cp := In particular, we obtain 

(^7^)7n^'^^^''^^- L\^^<^^ ueD'^{n). (3.80) 

Moreover, ifQU {0} is a neighbourhood of the origin, then the constant is sharp. 

2. Let p = Q > 1. Let R > and set ^] := e G, N{^) < R}. If f3 < -1, then we 
have 

~^,jJ§;{\n^Y\V,N\^di < Jj^Lunin^r^d^ u G D'jf{n,{\n{R/N)r^), 

(3.81) 

where Cp := ^-^y^- 

In particular, we obtain 

Moreover, the constant is sharp. 

Remark 3.14 The above theorem still holds for p = 2 with N = N2 and for p = Q with 
= Nq in any Carnot Group and without the hypothesis of polarizability. 

If G = and \^ = V is the usual gradient, then | VA^| = 1 and the above inequalities 
are a generalization of the known Hardy inequalities. 

Let = ni + . . . + rzj for i = 1, . . . , r so that di = rii = I and dr = N. It results 

g r-1 rffc+i Q 

-^i = JTZ I" L'i,s,k{Cly • • • 5 ^rfi 5 + • • • ; 5 • • • 5 ^rffe-i + l) • • • 5 Cd^ ) o ^ ' 

•^^j k=l S=dk + 1 '^^^ 

where Pi^s,k is a polynomial homogeneous of degree k with respect to dilation 6x. Denoting 
with the matrix such that Xi = YljLi /^ji(0^5 it results that n has the form /i = (/;, /xi), 
hence in particular has the form ()2.32|1 . Therefore we have the following 
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Theorem 3.15 Let 1 < m < I and let j3 be fixed. We set z := (xi, . . . ,Xjn)- 

1. Let 1 < p < +00 and let Q G G be an open set. If m + (3 < 0, we also require that 
nciW^X {0}) X M^-™. Then for every u e (1^), we have 

}fp [ \uf\zfd^< [ \zf^^ d^, (3.83) 

where hp := ^"^^^^ . In particular, if Ns is the homogeneous norm defined in liS. 69^) . 
then for every u G (fi), we obtain 

and if N is any homogeneous norm and p ^ m, then there exists a constant c > 
such that for every u E (fi), we have 

cf ^rfe< / l^Lufd^, (3.85) 
Jn JSP Jn 

2. Letp = m> 1. Let R>0 and set Q := {{z,U+i,-- • ,^iv) e x R^'"", \z\ < R}. 
If P < —1, then for every u G 'iol{Vt), we have 

% I {^(In ^fdi < I I V^«r (In 7^)''+^^^, (3.86) 

Jo. \z\ \z\ Jn \z\ 

where hp := In particular, for every u G (f2), we obtain 

Moreover, ifG is of H -type, m = I and Bl\{0} x B^^'- C Q for some r, then the constants 
Ifp and hp in iV. S'J\) and in 4,'/. <^6|) (and hence the constants in d^/. 84\ ) and l{y.8T^ ) are sharp. 



Remark 3.16 From the above Theorem 13.151 taking m = 1, we obtain the inequahty 
()3.85|1 for any p > 1, any homogeneous norm and any function u G ^o(f^) with 
C (M \ {0}) X M^~^ and hence also for any smooth function defined on the cone 



X M^-i. 



Proof . The inequahties ()3.83p and ()3.86p are a direct consequence of Theorem 12.121 
The fact that Ns > \z\ yields the inequality ()3.84|1 . Finally the equivalence between 
homogeneous norms implies ()3.85j) . 
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We have to prove the sharpness of the constant in the case G is of if-type with 
m = I = dimVi, z = x and k := dim V2. We prove the optimahty of the constant 6^ in 
()3.83|1 . The proof for 6^ in ()3.86|1 is similar. 

We shall proceed as in the proof Theorem 13. 5[ therefore it is sufficient to prove the 
claim for = (M™ \ {0}) x M^"'". 

Let Cfe be the best constant in ()3.83|) . We choose G '^o(f^) such that = uw with 
u = u{\x\), w = w{t), V e ^0 (]0, +00Q and w G '>f^{R''). 

Arguing as in the proof of Theorem 13. 5^ using the convexity of the function (r^ + s^)*'/^, 
and the fact that 

= + ^ |Vt0|' = w\u'{\x\)y + \Vtwf , 

we obtain for < A < 1 

^ ^ ,M-p k'\^xuf\x\'^^^dx ,i-p y\^twfdtf^i\uf\x\^^^'^'' 

The infimum of /jgfc \^tw\^ dt/ /j^fc \ wf dt vanishes. The infimum of 





\VxU\ 


p 


x\ 


7+/3+P r+00 

_ Jo 






\u 


p 


\x 


1/3 r+00 

\ Jo 





is bp. Indeed, it follows from Theorem 13. 131 with Q = 1 and (3 replaced by + / — 1. Letting 
A ^ in ()3.88j) . we conclude the proof. □ 



The next results deal with Hardy inequalities for functions defined on a ball or on the 
complement of a ball and involving the distance from the boundary. 

If G is the Euclidean space or an if-type group, then the pseudo-distance d2{^,ri) := 
N2{C~^v) is actually a distance (see [EI). In a general Carnot group, there holds only the 
pseudo-triangular inequality ()3.(i8j) . Hence, d2, in general is not a distance. Therefore, in 
the general framework we shall deal with the Carnot-Caratheodory distance dec, defined 
as follows. Let 7: [a, b] be a piecewise smooth curve, we call 7 a horizontal path if 

7(t) belongs to Vi whenever it exists. Then for every ^,r] E G, we define 

dcci^, v) ■= inf I7I , 7: [a, b] horizontal path with 7(a) = ^, 7(6) = | • 

(3.89) 

In the framework of Carnot group, by Chow Theorem, for every ^,77 G G, it results 
dcci^^v) < cxD, and hence dec is a metric on G. The distance dec is left invariant with 
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respect to the group action and it is homogeneous of degree 1 with respect to dilation 6x, 
namely 

dcc{aXv) = dcc{C,v), dcc{Sx{0,h{v)) = ^dcc{^,r]) C,^,eeG,A>0. 
Hence, ciccl^O) is a homogeneous norm. 

Theorem 3.17 Let p > 1 and let Tp be Lp-harmonic on G\ {0}. Let R > and set 
n:={^e G, N2{0 <R}- We have 

The constant (^^)^ is optimal. 
Moreover, we have 

^ / ¥ iViiV^r < / iVLufd^, u e D]^{n) (3.91) 

where 6 is one of the following functions 

a) 6(0 := dcc{^,dn) := mi{dcc{^,r]), r, G d^}, c := and := W^lN^^^; 

or 

b) 5{^) := d2{^,d^l) := inf{(i2(C, ?7), V ^ 9^1} and c := ^y- provided d2{i,'r]) := 
^2{^~^v) distance. 

Remark 3.18 The constant in ()3.9H) with this generality cannot be improved. Indeed, 
if G is the Euclidean space and = V, we have c = which is the best constant 
(see m]). 

Proof . From ()3.77p . and if p 7^ 2 by polarizability of G, we get 

LpN2 = \VLN2r'L2N2 = {Q- iy-^j7^ > 0. 

I\2 

Therefore, choosing d{^) = R — N2{^), we are in the position to apply Theorem 12.71 and 
from (jT^ we get 

Applying the scheme outlined in Remark l2.8^ we obtain the optimality of the constant. 

We prove the inequality ()3.91|) . Let 6 = dcc{-, dQ) or 6 = d2{-, dQ), let ^ G be fixed 
and let r G dQ be a point where the minimum is attained, that is 6{C,) = dcci'TiC) 
5(0 = rf2(r,0- 
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First we prove the inequality ()3.91|) in the case b). The inequahty ()3.91|) follows from 
()3.90|) and the fact that d2{-,-) is a distance. By triangular inequality, we have R = 
o?2(r, 0) < c/2(r, + d2{^, 0) = 5(0 + N2{0, and hence we get the inequality ^m} . 

We prove the ). By the inequality 

\N2iO-N2{v)\<\\^LN2\\Lo.dcc{^,r]), for every 

we have 

R - N2{0 = N2{t) - N2{0 < C2dcc{r,0 = ^2^(0, 
which concludes the proof. □ 

Remark 3.19 We remark that if is a regular H-convex function and Vl0 7^ a.e., then 
for p > 2, from ()3.76|1 . we have —Lp{(j)) < 0, thus in order to obtain Hardy inequalities 
involving the function (p we can apply the results of previous section. For H-convex function 
on Carnot groups, we refer the interested reader to j22l EHl EH] ■ For instance, in j22I the 
authors prove that in an H-type group the gauge N defined in ()3.70p is H-convex, hence 
R — N{C,) is H-concave and we can obtain again the inequalities ()3.90|) and ()3.9H) . 

We conclude with a Hardy inequality on an exterior domain. 

Theorem 3.20 Let p > Q and let Tp be Lp-harmonic on G\ {0}. Let R > and set 

n:= e G, N2iO > R}- For every u G (f)) we have 

Moreover, for every u G 'iol{Vl), we have 

f ^-^\VLN2fd^< I iVi^rrfe, (3.93) 



where 6 is one of the following functions 

\ ^ d ^ol n — \l 

V C2 



a) m ■■= dcci^,dn) := mi{dcci^,r]), r] E dn}, c := ^1 and C2 := \\VlN2\\l. 



or 

h) 5{i) := d2{i,dn) ■= inf{d2(^,r/), V G dVl} and c := Ml provided ^2(^,^7) := 
N2{^^^ri) is a distance. 

p—Q p-Q 

Proof . Let d be defined as d{^) := A^2(0 — Rp-^ (^ G f2). It is clear that d is positive 
and Lpd = 0. Applying Theorem 12.71 we derive 

.-Q NLN2rd^< [ Md^. (3.94) 
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It is easy to check that for ^ G ^2, it resuhs 

A^2(0^ - < N^{N2 - R), 

which with (jT^ imphes (jT^ . 

Arguing as in the proof of Theorem 13 .171 we obtain the missing inequahty ()3.93|1 . □ 

Remark 3.21 The constant in ()3.92|1 and ()3.93j) cannot be improved in this generahty. 
Indeed if Vl is the usual gradient V, then this constant is sharp (see |121)- 
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